Comment on `On the next-to-leading order gravitational spin(1)-spin(2)
  dynamics' by J. Steinhoff et al by Porto, Rafael A. & Rothstein, Ira Z.
ar
X
iv
:0
71
2.
20
32
v1
  [
gr
-q
c] 
 12
 D
ec
 20
07
Comment on ‘On the next-to-leading order gravitational spin(1)-spin(2) dynamics’ by
J. Steinhoff et al.
Rafael A. Porto1 and Ira Z. Rothstein2
1Physics Department, University of California, Santa Barbara
Santa Barbara, 93106 USA
2Carnegie Mellon University Dept. of Physics,
Pittsburgh PA 15213, USA
In this comment we explain the discrepancy found between the results in arXiv:0712.1716v1 for
the 3PN spin-spin potential and those previously derived in gr-qc/0604099. We point out that to
compare one must include sub-leading lower order spin-orbit effects which contribute to the spin-
spin potential once one transforms to the PN frame. When these effects are included the results in
arXiv:0712.1716v1 do indeed reproduce those found in gr-qc/0604099.
In [1] we applied recently developed Effective Field Theory (EFT) techniques [2, 4] to compute the next to
leading order (NLO) potential due to spin(1)-spin(2) interactions in the Newton-Wigner (NW) spin supplementarity
condition (SSC). In [5] the NLO spin(1)-spin(2) was also calculated. Given our claim that, up to 4PN order the
equations of motion in the spin(1)-spin(2) sector can be obtained via the traditional Hamiltonian approach [1, 6],
the authors then searched for the canonical transformation necessary to go between the results, finding that no such
transformation exists. However, in order to compare one must also consider spin-orbit effects, including a subleading
one which becomes a spin(1)spin(2)-orbit term once written in terms of the coordinate velocity in the post-Newtonian
one. In fact, once this new term is added, the result in [5] do indeed reproduce the potential calculated in [1].
The spin-orbit 1.5PN potential is given by [4, 6]
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and therefore, it depends on Sj0. As we emphasized before [6], in our formalism the spin variable lives in a locally
flat frame, where Sab = Sµνeaµe
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δbν + . . . , which allows us to obtain the Feynman
rules with which the potential is calculated [1, 4, 6].
On the other hand, the NW SSC [7] written in terms of the local spin and the coordinate velocity, vj ≡ dx
j
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where we have ej
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/2 = GN
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j + . . ., which follows from the one point function, 〈Hj
0
〉, using the leading
order spin Feynman rule i
2
h0i,jS
ij [1, 4], or by simple inspection of the Kerr metric in harmonic gauge. A similar
term follows for particle 2.
In the EFT approach [1, 2, 4, 6] each vertex scales with different power of spin, and velocity, and therefore spin(1)-
spin(2) interactions are those for which there is a spin tensor on each vertex. On the other hand spin-orbit terms are
those for which the spin of one of the bodies interacts with the motion of the companion. As we can see from (1) and
(2), to obtain the full S1S2 Hamiltonian up to 3PN we need to include a spin(1)spin(2)-orbit term given by
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where M = m1 +m2,
2and we thus get
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where we also added last, the LO spin(1)-spin(2) potential at 2PN order.
We can now show that the canonical transformation generated by (b = c = 1/2 in [5])
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leads to δHNLOSS = 0 at each order in GN . Thus the results in [5] do indeed reproduce those in [1]. In a forthcoming
paper we will present full details of the spin-spin calculation.
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